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«i»o Background Assumed 

Ao Previous exposure to the field properties 0 This does not 

iiflply thorough understanding,, but doe© assume some familiarity 
with th© terminology and concepts „ 

Bo Ba«ic knowledge of the operation* and algorithms used with the 
whole numbers, the fractional numbers (rational numbers) and 
the fractional numbers expressed in decimal form* 



IIo Placement of the Unit 



Because of th© above assumptions, the unit should be placed after 
an introduction to the field properties 0 It could follow sucITan 
introduction immediately, as an extension of such a unit, or it 
could be used somewhat later, to provide review, extension, and a 
spiral approach to the topic of the field properties * 

III* Objectives for the Unit 

A 0 To show teachers places where the field properties are used in 
developing the arithmetic of the elementary sohool 0 

Bo To give teachers a greater command of th© field properties * 

Co To provide teachers with more practice in the use of the field 
, properties o 

Do To provide teachers with information that will be useful when 
pupils, parents, or other teachers question the worth of teach- 
ing one or another of the field properties* 

So To help teachers to gain deeper insight into the structure of 
the number systems studied in elementary school arithmetic* 
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1- Introduction 

r-nffli- T'W-tT'frl-. MWW Ti n ryw mwo I i nmwrr'rrwYr- r r 

Do such words and phrases as "reciprocal”, "additive inverse", "commutative 
property of multiplication”, "distributive property" sound familiar to you? If 
you have been involved with the teaching of arithmetic recently, or if you ai*e 
preparing to teach, you probably answered "yes" You have probably 3.eamed 
these and other related terms, and the concepts which they describe. You may 
even have learned that a mathematical system with certain properties is called 
a group, while if it has these and other similar properties, we call it a field- 

Suppose wo press on a little bit farther. Do you know, for example, what 
good a reciprocal- is? Do you know where this idea is used in elementary school 
teaching and learning? Do you know how the associative property oi addition is 
used in adding columns of figures? Do you know what array 3 , such as 3 rows of 
21 dots, have to do with the distributive property? 

Hie purpose of this unit is to give you answer* to <.jues lions such as those 
vie have just asked ° You have undoubtedly oeeti told that die field properties 
play a key role in developing elementary arithmetic “-but ic is entirely possible 
that no one has actually shown you wh?;t this role Is. 

In this unit, we will look at places where the field properties are used 
in developing arithmetic as it is currently taught in the elementary school. 

We hope that you will gain a better understanding of the field properties, of 
the arithmetic of positive, negative, whole, and rational numbers, and of the 
importance of the field properties in teaching arithmetic. Ihese proper s-ies 
are basic to the study of the structure of number systems. This study is a 
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unifying threpd in mathematico, which continues in high school and college# 
building on the foundation laid here. 

For your convenience the field properties are listed in Table I to serve 

as a review and a convenient reference page- 



TABLE I- 

THE FIELD PROPERTIES 

For every Closure Property of Multiplication : 



Closure Property of Addition : 
two numbers, a and b, a + b 
unique number. For example, 3 + 
a unique number. 

Commutative Property for Addition : For 

every two numbers, a and b, 
a + b s b + a. For example, 

4 t 6 E 6 + 4« 

Associative Property of Addition.: For 

every three numbers, a, b, and c* 
a 4* (b 4* c) * (a + b) + c a a + b + c. 

For example, 3 + (4 + S) ~ (3 + 4) 5 ® 

3 + 44-5. 

Additive Identity : There is a number 

0, such that for every number a, 
a 4- 0 o + a** a. For example, 

17 + 0 * 0 + 17 * 17. 

Additive Inverse : For every number a, 

there exists a number, -a, read "negative 
a ,T , such that a 4* (~o) * (-a) 4- a « 0. 

For example, 6 4 (-6) 8 (-6) + 6 a 0. 



Distributive Property of multiplication over 
a, b, and c, a x (b 4* c) c 

5 x (4 + 3) 

5x7 



For every two numbers, a and b, 
a x b is a unique number. For 
example, 2 x 9 is a unique number. 

C ommutative Property of Multiplication : 

For every two numbers, a and b, 
a x b ** b x a. For example, 

5 x 8 * 8 x 5. 

Associative Property of Multiplicati on: 

For every three numbers, a, b, and c„ 
a x (b x e) a (a :< b) x c * a x b x c. 

For example, 2 x (6 x 11) ® (2x6) x 11 ** 

2 x 6 x IX. 

Multi pile at ive Identity : There is a 

number 1, such that for every number a, 
a x 1 63 1 x a 88 a. For example, 

32 x 1 05 1 x. 32 te 32. 

Multiplicative Inverse (Reciprocal): 

For every number a (except 0), 

1 

there exists a number, *r» suc ^ that 

Gt 

1 1 

ax ±, 1. For example, 

<3 3 

3 x | | x 3 X. 

For every three numbers 



is a 
7 is 



addition 

(a x b) 4- (a x c). For example 
« (5 x 4) + (5 x 3) 

« 20 + 15 
35 « 35 
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Before we examine the uses of the field properties systematically, we 
have provided a few practice exercises to help you review these properties. 
Practice Set 1 



1* Name the property or properties which show each of the following statements 
to be true: 



(a) 


3 x 8 - 8 x 3 




(b) 


7 x (10 x 3) 


(c) 


4 4* [2 4* (-2)3 


B 4 + 0 


W 


4 4-0-4 


(a) 


12 x (4 + 1) » 


(12 x 4) + (12 x 1) 


(f) 


3 „ 2 - 

^ A ^ X 


(s) 


3 4- (8 4- 17) - 


(3 4* 8 ) + 17 


(h) 


3 r-i 1 

Y x 2 ^r ®* 1 


w 


3 x I s 3 




(3) 


,7 4 X 3 
(9 * $) * £ 



.4 



2. Look at each expression below. How was it changed from the preceding form? 
Write the name of the property that permits the fact. The answer . ” numeration 
system” would be acceptable in cases such as 24 * 20 + 4. Your aiswer will be 
either "numeration system” or the appropriate field property. 

16 x 3 4- 16 x 4 « 16 x (3 + 4) _ 

08 16 x 7 

“7x16 

« 7 x (10 + 6) 

“(7 x 10)4* (7 x 6 ) 

« 70 * 42 
* 70 + (40 4- 2) 

« (70 + 40) + 2 



Classify the following sentences os true or false: 

(a) 8 + (5 x 4) - (8 + 5) x (8 + 4) (b) (6 + 7) 4- 4 » 4 + (6 + 7) 

(c) 3 x 0 x 6 - 15 (d) 

13 



7 9 

9 x 11 



11 

***** 

7 



** ***** ^ MM ICS 



4 „ 3 
3 4 



(e) ( 



**** * ** <*** 



1. „ 1 „ 13 



(f) 5 x (4 4* 6 ~ 3) - (5 x 4) + (5 x 6 ) - 

(5 x 3) 



■14 * 7' ~ 7 14 

(g) 5 x 6 4- (7 4- 4) ra (5 x 6 + 7) + 4 (h) 17 ~ (4 4- 2) * (17*|* 4) + (17 -f 2) 
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2. ADDITION AND SUBTRACTION OF WHOLE NUMBERS 
2.1 MANIPULATION OF CONCRETE OBJECTS - 

Some of the earliest mathematical experiences the child has in school 
involve joining two sets of concrete objects to form a single set. For example, 
a child may have 3 red disks on his desk in one bunch , and 2 black disks in 
another bunch. [See Figure 1 (a) 3. 
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(b) (c) 



Figure 1 



He has several ways he can put the two sets together to get a single set. 

For example, he may push the black disks over to the red ones (Figure 1 (b)3. 

Then again, he may push the red ones over to the black ones [Figure 1 (c)3. 

Each of these procedures leads to one set of 5 elements. This is the sort of 
motivational material from which one develops an understanding of the commutative 
property of addition. 

Of course, these are not the only choices open to the child. He could pick 
the red disks up in hie left hand, pick up the black ones in his right at the' 
same time, and dump the contents of his hands simultaneously into a bag. He 
could ignore the disks and begin to read a book. He could line the disks up, red, 
black, red, black, rod. None of these responses changes the fact that this is 
an illustration of the addition fact 3 *> 2 « 5, but none of these responses 
have anything particular to do with the commutative property of addition. 

If a person has three sets of disks (for example, red, blue, and yellow), 
and he wishes to push the sets together to form one large set, he has some choices 



o 



to make. He may decide to leave one set fixed, and then push the others to it. 
Probably he also will decide which of the other sets he will move first* He 
realizes (or can be led to realize) that it doesn T t make any difference which 
choices he makes— ho ends up with the came number of elements in the large set* 

(Of course* he ends up with the large sot in different places, but that has no 
effect on the number in the set) * This manipulation is motivation for the 
associative property of addition. 

A variation of this sort of concrete object manipulation is to use large 
cubes with dots painted on the faces, like dice. By throwing a pair of dice and 
counting the total number up, the pupils will see that the sum, for that throw* 
is the same regardless of which die we start counting on — ^another demonstration 

of the commutative law of addition. Three dice could be used similarly to motivate 
the associative law of addition. 

2; 2 "RINGING” SETS ' 

In the kindergarten and early primary grades, sets and set pictures are 
often used to convey basic ideas. Often children are asked to "ring" sets to 
indicate the set under consideration. 

Suppose 3 sets are given, as follows; 

A* 

Suppose we wish to combine these three sets to form one set* We may wish 
to first combine the right-hand two sets, into one set, and indicate this by 
"ringing" them; then to combine the remaining set with this set* as follows: 



XBF 

C 



QPY 

AZT 



• 4 * 



QPY 

AZT 




Another possibility would be xo combine first the two left-most sets and 
then combine this set with the remaining set, ns shown below: 



XBF } 

V 
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Children will, soon see that the number of objects included in the final set 
is the same in either case. Unis builds readiness for the associative property 
of addition. 

2.3 REGROUPING 

The process of regrouping is strongly connected with the fact that our 
system of writing numbers is a place-value system and has a base of 10. Place 
value and the base create the need for regrouping; the base determines the size 
of the groups we are obtaining. 

Regrouping always uses the associative property of addition; often it ulso 
involves the commutative property of addition as well* Following are a few 
examples of regrouping. Can you give a reason for each 3tep below* 



Example 1 . 


3 + 8 » (1 + 2 ) + 8 
1 + (2 + 8 ) 


(since 3 83 1 + 2) 




« 1 + 10 
*» 11 


(since 2 + 8 w 10) 


Example 2. 


3 + 8 » 3 + ( 7 + 1 ) 
» (3 + 7) + 1 
" 10+1 
» n 





o 
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Example 3. 23 + 9 « (20 + 3) * 9 

* 20 + (3 + 9) 

« 20 *!• ([2 + 1] +9) 
» 20 + (2 + [1 + 9]) 
» 20 + (2 + 10 ) 

» 20 + (10 + 2 ) 

« (20 1 * 10 ) + 2 
*=30 + 2 

* 32 



fp 



Example 4. 197 * (100 + 90+7) 

+348 * (300 + 40 + 8) 

400 + 130 + 15 
■» (400 + 100) + (30 + 
+ 40 + 5 



+ 5 



Example 5. 



197 ■ 1 - 100 + 9-10+7 
+348 * 3 • 100 + 4 • 10 + 8 

* '• m -r — i — r m m mm n » 

(1+3) ' 100 + (9 + 4) ’ 10 + (7 + 8) 

* 4 * 100 + (10 + 3) • 10 + (15) 

* 4 • 100 + [1 * 100 + 3 * 10] + fl • 10 + 53 

« (4 + 1) • 100 + 3 ♦ 10 + (.1 • 10 + 53 

** 5 100 + [3 + 1] * 30 + 5 

* 5 - 100 + 4 * 10 + 5 

- 545 



197 * 1 



10“ + 9 
,«2 , , 



10 + 7 
10 + 8 
+ (9 + 4) 



+ (7 + a) 



(i + s) - 

** 4 • 10 2 + (10 +3) • 10 + (10 + 5) 



m 



(4 

**■ (4 + 1) 

»'g 



10 2 + 1 



10 ‘ 



10 2 + 4 



- 10) + (3 • 10 + 1 • 10) + 5 
+ (S + l) • 10 + s 
10 + s 



ttz 



7. 276 ** (200 + 70 + 6) •* 200 + 60 + 16 

■** « -f 100 + 30 + 8) 

100 + 30 + 8 
*» 138 

2.4 ADDING IN DIFFERENT ORDERS 

A common way to have pupil© check their addition is to tell them that, if 
they added from the top down, they should check, by adding from the bottom up. 
Here one is celyiiig on the associative and commutative properties ; it is because 
these properties hold that this check works. 
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Example : 3 

2 
4 
4*7 

In adding from the top down* v?e follow the procedure below s 

3 4 * 2 4 * 4 4 - 7 * [(8 * 1 * 2 ) + 43 + 7 

* [5 4 * 43 + / 

* 9+7 
« 16 

W« can think of the procedure in adding from the bottom up in either of the two 



0424447® 3 4* [2 4* (4 4* 7)3 
- 3 -4 l? + 111 

* 3 4 * 18 



* 16 



or 



7 + 4 + 2 + 3 » 7 + [4 + (2 + 3)3 
® 7 + [4 + 63 
**7+9 



comparing the second 
m see that we 



procedures, the use of the associative property is evident, 
the “bottom up’ 1 procedures with the “top down* 1 method, 
the commutative property by assuming that 3 + 2 + 4 + 7 



7 4* 4+24* 3, 
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If m study the addition table (see Figure 2), we can find all sorts of 

I 

I interesting pattern# • If we pursue the reasons for the patterns, we can turn 

if 

l up many interrelationships among the numbers in the table. Some of these 
patterns are directly related to the properties we are examining. Suppose, 
j for example, we fold the table on a line extending from the upper left corner to 
the lower right corner of the table. Hds line is called the “main”, or 
“principal” diagonal, of the table* When you fold the table in this manner, 
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each number above the diagonal is folded against a number below the diagonal 
What do you notice about the two numbers? Why do you suppose this happens? 



ADDITION TABLE 




7 



8 



8 



8 



9 

10 



9 10 11 

9 10 11 12 



10 11 12 1 3 



10 11 32 13 14 



16 



17 18 



Figure 2 



Let's look at one of these pairs of coinciding numbers. For example. 

2 4* 4 is 6. Does the 6 in the 2 4* 4 position coincide with another 6? 
that 6 represent the sum 4+2? What property is illustrated here? 

Do you see a row in the table that is identical with the row outside the 
table? Which row is it? Is there a column in the table that is identical to a 
column outside the table? Which column is it? What is the identity element 
for addition? How do this row and this column illustrate that there is an identity 
element for addition? 
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In teaching student® the addition combination® , how could we use the 
commutative property of addition and the additive identity to cut down our work 
as m fill In the table? 

you studied the field properties, you may have looked at abstract 
expressed in tables. An example of this sort of thing is given in 






r 

jsa* 


B 


C 


A 


B 


A 


C 


ft 


C 


a 


A 


C 


A 


B 


C 




C. Locate B on 
C. The table entry 



Figure 3 

a table of this type, let us consider B 
left; go across that row until we find the column 
is A» Thus B^fPc * A* 

If you did study this sort of topic, you may have been told, ’’You can tell 
looking at the operation table whether a set is closed or not. If there 
m element in the interior of the table that is not in the outside row or 

column, the set is not closed with respect to that operation. If no such 
element exists, the set is closed with respect to that operation . ” 

According to this statement, you might think, ’’Addition of whole numbers 
is obviously not closed. For example 7 + § *» 12, and 12 is not in the outside 
row or column.” This would be a perfectly natural reaction, but it is a false 
conclusion. The above statement is true whenever you have the entire s e t you 
are working with represented in the outside row or column. In our case, however, 

i numbers is an infinite set — it is simply not possible (even 
to list all the whole numbers. Thu®, our addition table is only 
complete addition table for whole numbers (and, In fact, we could 



t 
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not; write a complete table). Wh*< we cell the addition table for whole numbers 
ib a table of the basic combi nat ions > with these and the use of place value we 
can get any addition result we desire. 

Whenever we cannot write a complete addition fable for a set of numbers* 
the question of whether or not that sal is closed under addition roust be decided 
by referring to the definition of closure This definition states that a set 
oi numbers is closed under addition if (and only iL'j % for any two numbers we 
select from the set, the sum is also in that set- Let us return to the case 
we have been considering, which Is whether the set* of whole numbers is closed 
under addition. Our experience tell* us it is We have not; proved that it is, 
but m will accept, as & postulate, that the set of whole numbers is closed 
under addition 



Exercises : 



Till, in each of the foliowing eases.- whether or not the set is closed 



under the operation given. 

(1) {o. 1, 2 } , addition 



(3) .+ 


.A 


B 


C 


D 


A 


A 


B 


c 


D 


B 


D 


C 


A 


E 


C 


C 


D 


B 


A 


D ! 


1 B 


A 


C 


D 



I 



2 ■ a THE NUMBER LINE 



(2) i 0. I. } * multiplication 



0 


1 


2. 


3 


4 


5 


1 


1 


1 


1 


1 


1 


2 


2 


2 


2 


2 


2 


3 


3 


3 


3 


3 


3 


4 


4 


4 


4 


4 


4 


S 


5 


& 


5 


S 


5 



The number line is an extremely useful graphic device at virtually all 
levels of elementary mathematics. It provides a clear picture of the order of 
the numbers with which one Is working 



In the early grades* we can use the number line to motivate the commutative 
property of addition. For exempt.., suppose we with to get the sum 9 + 1# 

We start at u, Jump 9 units to the right* then Jump on© more unit to the 



right. 




finally at 



HI 



This is illustrated below r 




01234567S9 10U12 




$ 



In the same way, 1+9 can be illustrated as follows • 




i. «j » — i " I*.*- — '4 

0 122456789 10 



■f f 



11 12 



set that * in each case* we eno up at the same spot* 10. Doing this sort 
ot* thing with various combinations will serve to make clear the concept that 



a t b 



+ a. 



2.7 A GENERAL REARRANGEMENT PROPERTY 



It is extremely tedious and somewhat pointless for students to time 



again go through all possible steps in an addition process 
Justifying sseh step by the ' rsociative or commutative property* Because 
this* it is common in elementary texts to develop the associative and commutative 
properties , and then to show that these allow us to use a general rearrangement 
principle, allowing us to shift the order and arrangement in § sum or product 



at will. 



ti stive end commutative properties): 

SB + 27 - (30 4 5) + (20 + 7) » 1(30 +5)+ 20] f 7 

** 1 30 + (6 + 20) J 4* 7 * 1 30 + (20 + 5)] 4* 7 

- [(SO 4* 20} + 5] + ? * (30 + 20) + (5 + 7) 

* 50 4- 12 “ SO t (10 4 2) 

* ( 50 + 10) + 2 “ 60 + 2 * 62 

Example (Using general rearrangement principle ) t 
SB 4* 27 * 



+ S) + (20 + 7) * (30 + 20) 4 (5 4 7) 
■f 12 • SO + 10 4 2 * 60 4- 2 * 62 
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Rli 



13 



MULTIPLICATION Of WHOLE NUMBERS 



3 . L THE MULTIPLICATION ALGORITHM 



The algorithm which w« uae to find the answer to multiplication 
leans heavily on the distributive property. Aft we develop this algorithm in 
the elementary school* the distributive property is continually stressed . 

To see that what we have been saying is actually the case* let us consider 
several examples* first., suppose we are multiplying a 3-digit number (683) 
by a 1-digit number (7). 



■ 



C 



X 7 * 



+ 80 + 3; x 7 (because of the place-value numeration system 

wt use) 



m 



0x7)+ (80 x 7) + (3 x 7) (by an extended form of the 

distributive property) 

« 4200 + 660 + 21 ( using place value and multiplication 

* 4781 (by using addition principle©) 



i® person performing multiplication in the manner above is working a correct 
but somewhat cumbersome v process* A step toward a more efficient notation 



following; 

683 



X 7 



42^0 



(7 x 3 ) 
f (7x 80) 
(7 x 600) 




using the distributive property 



As another example of the use of the distributive property in multiplication, 

consider the following*. 

375 x 100 » (300 + 70 + 5) x 100 

« (300 x 100) 4 (70 x 100) + (5 x 100) 

* 30,000 '< 7,000 + 500 

* 37,500 

A final example again Illustrates the dependence of our multiplication 
algorithm upon the distributive property . 






* 
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248 
% 316 



(6 x 8 ) 

240 <* { 6 x 
1200 ^(6 x 
«4»(10 x 
4* 1 10 x 40) 
«*»C1Q x 200) 
240 +"(300 x 8) 
12000 4m (300 x 40) 
(300 x 200) 



76208 



3.2 MULTIPLYING BY MULTIPLES OF 10. 



If a child has learned that multiplying by powers of 10 results in 
"adding zero©", he can develop some short-cuts to multiplication by multiple® 
of 10. (Of course, when we use the term "adding zeros", we are indulging in 
arithmetical slang. Imprecise terms of this type are useful if introduced after 
th© student® understand the ideas involved. In multiplying by 10 or a 

of 10, the actual result is that the digits of the multiplier are 

places designating higher powers of 10.) Suppose he faces the problem 42 x 20; 
this could conveniently be handled by either of the following procedures : 

42 x 20 * 42 x (2 x 10) * (42 x 2) x 10 * 84 x .10 « 840 

42 x 20 - 42 x (2 x 10) » 42 x (10 x 2) * (42 x 10) x 2 * 420 x 2 * 840. 

In either east, we see that the associative property of multiplication is 
used. In the latter situation, we have also used the commutative property of 
multiplication. 

te associative property of multiplication .is shown again in 



The use of 
follow* ng 
64 x 600 *» 



o 



x (6 x 100) * (64 x 6) x 100 
+ 4) x 6| x 100 « 1(60 x 6) + (4 x 
+ 24) x 100 * 384 * 100 * 38,400. 



You will undoubtedly have noticed that we also used the distributive 
property when we chose to think of 64 x 6 as (60 4 4) x 6 and then found 60 x 
and 4x6. These are the sorts of procedures one begins to perform extremely 
rapidly if one practices mental calculation* 
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3.3 SPECIAL MULTIPLICATION ALGORITHMS 
"Crict-erosc”, or "lightning" , mult Ip lie it Ion, 1® a mantel 
process. It 1® Illustrated below, and 
the name "criss-cross” * 




3 2 

f 

x 2 1 

2 



3 2 



x 2 1 

7 2 



3 2 

r 

x 2 l 
6 7 2 



how the distributive property is being used in this procedure? 
Extending "criss-cross" multiplication to 3**digit situations maizes the 
calculation a bit more complex. However, the technique works for 3 

A 8-digit example is given below. 




2 4 8 

x 

x 8 2 7 



24 J 
x 3^ 




2 4 8 

V 

x 3 2 7 




m 



» 



81096 



that "carrying" into the 
often occurs. We must males a mental note of 



the one in which we art 



amount carr 



In 



next 



Haturally, the '’criss-cross'’ method is not meant to be a staple in the 
diet of your students. It is properly an enrichment topic, which 
rml to Brno of your students, who may continue to use it. It 



is not in Item to b© taught for mastery. 






$ vs 4**. 



Work the following exercises, using "criss-cross” multiplication. 

x 45 (2) 808 x 19 (3) 23S x 687 

Eddie Ages, a multiplication algorithm commonly use! by the Arabs 
use of a lattice diagram, this lattice consisted of a 



bel 



square was further divided into 2 triangles by dn 
right and lower left corners of the square. 



o 



I ■ 'I'M 
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-Suppose we \ 
We writ© the 346 



to multiply 346 by 211., using the lattice 
lattice and the 217 to the 



below. 



4 




property is used implicitly in obtaining the partial 

the Interior of the lattice, as is eh own below. 

3 4 6 




in the 3 column 



the 1 row is 




« 



The answer i& obtained by 
necessary, into th* next column 
units dig 
X in 21 
and so we 
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g down the diagonals, 
role of the diagonals 
i digits, etc. For example, the diagonal 
ntries S, 4, and 6. Tills diagonal le 
(8 + 4 + 6) x 10. The answer is 



is to line up the 
beside the 



at the base o' 

Th'f f .nal form of the problem is ae follows: 



the lattice 




!, 346 x 217 - 76 

Ju@t as with "cries -cross" multiplication, lattice multiplication ie an 
enrichment topic— not to be taught for mastery. Lattice multiplication 
in many current elementary text series. 



following exercises, using lattice multiplication, 
x 18 (2) 192 x 



x 



I 
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3 4 DOUBLING A PRODUCT 

A common mistake matte by students of nil. ages is their assumption that » to 
double a product, one must double each factor. A knowledge of the associative 
property of multiplication is sufficient to demonstrate that doubling one factor 
is all that is required- This is demonstrated in the following example: 

? x (5 x 9) * 2 x 45 • 90 

2 x (5 x 9) * (2 x 5) x 9 (b the associative property of multiplication) 

* 10 x 9 

* 90 

This could a-so be calculated as follows; 

7 x. (5 x 9) • 2 x (9 x 5) (by the commutative property of multiplication ) 

* (2 * 9) * b (by the associative property of multiplication) 

* 18 x 5 

* 90 

however, doubling both factors makes She product 4 times as great, as shown below: 

(2x5) x (2 x 9) * 10 x 18 

* 180. 



.5 



AND RECTANGULAR REGION? 



m of objects and rectangular regions play important parts in the 
of the concepts of multiplication and the distributive property • 
a very early stage in the child’s school experience, arrays are used 
to motivate the multiplication of whole numbers For example, the array '.III 

« A 

mfiy be used to present the idea, 3 x 4- Merely rotating the array 90°, so that 

• * * 

it looks like 111 , shows that we can also think of this as 4 x 3- This forms 
a good intuitive basis for accepting the commutative property of multiplication. 
Even without reorienting the avvoy, we can see that it can be thought of either 
aa 3 rows of 4 objects or as 4 columns of ft objects each* 

The partitioning of arrays is excellent moivatlon for the distributive 
multiplication over addition. For example, 11 1 1 III l shorn that 



M M I * M 

« M • f | <* • * 

% ***#■ 4 #* 
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5 x ? * (5 x 4) + (ft x 3) . Similarly. 



* <* • 

* ■* » 



demonstrates that 4x5® 



(2 x 3) + (2 x 3) + (2 x 2) 4- (2 x 2) or 4 x 5 « (2 + 2)(3 4-2). In the asm© 

* * « * « «* f> 

*»*#«* * « 

* •* • -***<• 

y» • « ♦ • ‘ it demonstrates that 8 x 7 * (5 + 3) x 7 * (5 x 7) + (3 x 7). 



* # * # <» * * 

v • * * u ¥ 

• « • j • « « 



In the same way, one can use rectangular regions which are partitioned. 


















































4x4* 4 x (3+1) 



o-way street. One may start 
th an expression like 3x6 and express it as (3 a 4) + (3 x 2), or one may 
express (3 x 4) + (3 x 2) in the form 3x6. This Indicates that we might provi 
more understanding of the distributive property if we sometimes join two arrays 
rather than always partitioning them. This process is shown below. 



V l! > 4 



joined 
wj 
t 



1 serves as an identity 
clearly shows that 



(3x6) + (3 x 2) " (3 x 8) 

Arrays can also serve to motivate the idea 
element for multiplication. For example, .... 

1x6*6; I shows equally clearly that 4x1*4. 

f> 

36 CONCRETE OBJECTS 

Just as with addition and subtraction, multiplication is often motivated 
by using concrete objects. Actually, the array of dots and the rectangular 
regions used in the last section are semi-concrete objects — in using them, we 
have just stylized concrete objects for convenient representation on the printed 
page* Everything we did there could be done with concrete objects, and, if so 
done, would be more meaningful to some students. 

One concrete device that we could use to motivate the associative property 
of multiplication is stacking rows of blocks in layers to form © rectangular 






« 
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solid The associative principle comes Into play when we wish to determine the 
total number of blocks in the solid 

Suppose we have a base consisting of 4 rows of 5 blocks each. 

Suppose also that we have built the solid 3 layers high. By examining the 



Aemmpt k 




































box in different ways* ve can show that we can find the number in one layer 
(4- x 5} and then multiply by the number of layers (3), or we can find the 
number of blocks on a !, side" (3 x 5) arid multiply by the number of rows (4) t 
or we can find the number of blocks on an * T end n (3 x 4) and multiply by the 
numbers of columns (5). That :is ( , 

3 x (4 x 5) * (3 x 5; x 4 * (3 x 4) x 5 * 3 x 4 x 5. 

Notice that to get the expression (3 x 5) x 4* we have used both the commutative 
and the associative properties of multiplication. 

3.7 MULTIPLICATION TABLES 

If we examine the multiplication table® (see Figure 4 below) we can observe 
of the some things that we saw when we examined the addition table. 



X 


0 


1 


2 


3 


4 


5 


6 




8 


9 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


1 


0 


3. 


2 


3 


4 


5 


6 


7 


8 


9 


2 


0 


2 


4 


6 


8 


10 


12 


.14 


16 


18 


3 


0 


3 


6 


9 


12 


15 


18 


21 


24 27 


4 


0 


4 


8 


12 


16 


20 


24 


28 


32 


36 


5 


0 


6 


10 


15 


20 


25 


30 


35 


40 


45 


6 


0 


6 


12 


18 


24 


30 


36 


12 


48 


54 


7 


0 


7 


14 


21 


28 


35 


42 


49 


56 


63 


8 


0 


8 


16 


24 


82 


40 


48 


56 


64 


72 


9 


0 


9 


18 


27 


36 


45 


54 


63 


m 

*#•» 


81 










Figure 
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First-, what happens when we fold the table along the main diagonal? 

Is the part of the table on one side of the diagonal a mirror image of the part 
on the other side? If so* what does this say about the mult i. plication of whole 
numbers? That is, which of the field properties does this Illustrate? 

Is there an identity element for multiplication? How did we tell for 
addition? Then, is there a row or column (or both) in the table Identical 
to the row (or column) outside? What is the multiplicative identity? 

Can we tell from the table whether or not the whole numbers are closed 
under multiplication? Support your answer with a reason* 




4. DIVISION OF WHOLE NUMBERS 

4»1 IHE "STACKING" ALGORITHM 

One feature common to most contemporary elementary mathematics programs 
le that they introduce students to the division process with the use of an 
algorithm which is appreciably different from the one we used when wu learned 
division. This algorithm involves the stacking of partial quotients, either 
down the side of the problem or on the top. For this reason* this form of the 
division algorithm is often called the "stacking" algorithm.- What gives us the 
right to write partial quotients and then add them up to get the final quotient? 
Basically, it is the same process which allows us to write partial products in 
multiplication and then add them up to get the final product. That is, the 
"stacking" algorithm makes use of the distributive property of multiplication 
over addition. 

How can we use the distributive property of multiplies! tori over addition 
when we are involved in division? First, we must remember that multiplication 
and division are inverse operations; thus, every division problem can be recast 
in multiplication form. For example, when we ask for the number x that results 
when we divide 1554 by 37 (in equation form, 1554 7 - 37 * x), we are looking 
for the number x which, vhen multiplied by 37, equals 1554 (in equation form, 
37 * x * 1554) « 



■ 






; 




* 
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If we solve fen x* we find out the value of x in this case is 42. By 
using the distributive property , we can write the equation 37 x 42 • 1554 as 
37 x (40 + 2) « 1554 s or even 37 x (10 t 10 + 10 + LQ + 2) • 1554. 

How let us apply this to the ’’stacking 11 algorithm. Our first step to 
finding the quotient is to select a multiple of 87 that te less than (or possibly 
equal to) 1554. Often we use multiples and powers of 10 to help us. A good 
estimator might see that forty 37 ’» is less than 1554 but fifty 37 's is 
more than 1584. He would then see that the difference between 1554 and 
forty 37 's is 74, or two 37 Hence lor him the ’'stacking" would look like 

3 ? / *13541 

1480 40 (40 x 37} 

* * — ■■ * »«*.« « *' 



2 f~{2 x 37) 
42 



74 

74 



0 



Therefore he has actually followed the- procedure 37 x 42 * 37 x (40 + 2) 
(37 x 40) 4 (37 x 2) * 1480 t 74. 

A less able estimator might perform the same division as follows s 



1554 
. 370 


to 


1184 

370 


10 


814 

370 

1— — in iw im 


10 


444 

370 


U) 


74 

J7 


1 


31 

37 


1 


0 


42 



parson has implicitly used the distributive property also. Hie 



process has been 4 
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37 x 42 * 37 x (JO + 10 + 10 4 10 + 14 I) 

* (3^ x 10) + (37 x 10) + ( 37 x 10) + (37 x 10) + (37 xl) + (37 x 1) 

* 370 + 370 + 370 + 370 + 37 + 37 

* 1554 



Another example of the ''stacking” algorithm is the following j 
38 / 



IW 1 

3800 


100 


mi 

780 

t+rmmm «m* 


20 


334 

100 


5 


144 

1x4 


3 


30 


128 



That is, 6914 « ( 100 X 38) + (20 x 38) + (B x 38} 

+ ( 3 x 38) + 30 



(128 x 38 ) + 30 



Here, we see that our quotient is not an exact multiple of the divisor; 
there is a remainder. But, if we express the situation in the Lorm 
6914 - 30 «* (100 x 38) + (20 x 38) + (5 x 38) + (3 x 38), we see that we are 
atlll, in reality, using the distributive law t> help us. 

In some elementary materials, the '’stacking” algorithm is written in a 
different way— the "stacking" is done on the tup- This has the advantage that 
the conversion to the usual method of writing Quotients is easier. Its primary 
disadvantage is that it la difficult for the student to judge the amount of 
he will need to allow above th$ problen > 

following is an example of "stacking" on the top 
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1 U 




2600 



2237 

1C00 

‘>37 
6 SO 

2 8 * 
26 0 

27 

26 

] 



'thus* 4837 f 26 « 186 U 



4-2 BI STIUDUTI VITY Of DIVISION OVKK ADDITION 

We haw® often referred to 'the diet ri Dative property 1 ' ; that is 4 th<- 
diatributive* property of mult iplicat ion over addition. We call th I* property 
the distributive property not because it is the only one that exists- but because 
in our usual, work j.t is the only one that w© me- However*,, there is also a 
distributive properly of division over addition, which is demonstrated in the 
follow i ng examp 1 e . 

56 -f 8 * (48 + 8 ) T 8 * {48 *£ 8) + (8 - g ) * 6 + J. =* 7 . 

Symbolicaliyi we c«n state the. distributive property of division over 
addition as follows: 

(a + b) •• c * ( a 7* c) *t (b -7*0 ;» 

in dealing with the distributive property of multiplication over addition, 
we know and use the fact that 

c x (a t b) * vc x a) + (c x b) 

and also the fact that (a 4 b) x c ** (& x c) + (b x e) thus, in effect we are 
actually using two distributive laws; they are connected b the fact that 
multiplication is commutative. 
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Is division cM.iiwtuL.il ivf- 7 This is easily checked by trying an example. 

2r;< is not the same as 3 4*2. Therefore, division is not commutative- 

We h*ve just seen that l a + b ) 7* c * (a f c) + (b ~ c) . Is there e 

second distributive lav? of division over addition? That is* Is it true that 

c -L (a + b.i a (c-t a) 4 (c ~ b)? Let's try an example. If we let c ® 18# 

- a * 6. and b * 3, c 7* (a 1* b) " 18 7 (6 4- 3) * 18 «*• 9 * 2, and (c«- a) 4* (c b) • 

(18 4 6) + (18 1 3) * 3 + 6 * 9. In this case c «f ( a * b) ^ (c i a) + (c 7 b). 

Should we try other cases? What would be gained? We have seen already 
that it ie not true for ill values of a v b* c, that e** (a + b) * (c*^ a) 4* (27 b). 
Therefore* examining more cases would add nothing. We might* indeed, find special 

values of n r b, c, win. re the relation would be true. However, the one example 

% 

we have used shows that, it in sometimes £v>ise, and thus cannot be a general 
property ot whole numbers. 

Finding an example to show i.hat something is not true ie* known as finding 
a counter-example . This is an in.|»wrtoitt technique in mathematics - It is extremely 
easy to prove something false If one can find a counter-example. It is not 
possible to prove something t:m by citing examples, except in cases where we 
can examine every possible ex ample Host of the sets we work with are either 
infinite, in which case it is not possible to examine all cases, or they are large 
finite sets, where it would be highly impractical to look at every possible case* 
thus, we are not normally able to ,-rove anything by citing l, 10* 100, or 1000 



Consider the addition of tw ; » 
such as 4 4 8-* 12 v 2 4 .126 * 128, 



even 
etc • , 



numbers. By examining several cases, 
we will quickly be led to the conviction 



that the sum of two even numbers in always even However, no number of cases would 
prove this conjecture. A proof by direct means is quite easy here . Let 2n be 



one even number, and lot 2m be an* -dust. Then 2n + 2m •* 2(n + m) by the distributive 
property. Since n» and n were whole numbers, by the closure property of 
addition their sum is a whole number, and then by definition of even number 

2(n 4 m) la even. 
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The alert reader may have wondered about subtraction. Do there exist 
distributive laws of multiplication over subtraction or of division over subtraction? 
This is a worthwhile idea to pursue— and we will leave it for the interested 
reader. 



4.3 THE DISTRIBUTIVE PROPERTY AND THE EUCLIDEAN ALOORITH 



As teachers, you may have seen the technique for find ing the greatest 
common divisor of two numbers by a sequence of divisions. This procedure is 
known as the Euclidean Algorithm. The basis for the procedure is an application 
of the distributive law of division over addition. 



The Euclidean Algorithm is illustrated by the following example. 

To find the greatest common divisor of 345 and 2348, w© start by writing 
* 6 x 345 4* 278. 



Is, we have divided 348 into 2348, getting a quotient of 6 and a 
remainder of 278. w@ are looking for the greatest common divisor of 348 and 
2348, and now conclude that the number for which we are searching also divides 
27P. Thus, wy look for the greatest common divisor of 27g and 3 in. 

345 » 1 x 278 4* 67. 



Continuing in the same way, 278 * 4 x o7 + 

67 * 6 x 10 + 7 
10*1x7 + 3 
7 * 2 x 3 + 1 
3 ■ 3 x 1 + 0 



the greatest common divisor of 345 and 2348. 

is the distributive property involved? It was involved when w© said 
that if the divisor divided 845 and 2348, it also divided 278. That is, 
if § m b x q + r, and a number d divides a and also divides q, it must divide 
r. This is true since r * a ~(b x Symbolically, we can write & divides b as 
a j b. Thus , what we have said is: If a |b and a j c, and b > c, then 



a j (b - e), for whole numbers a, b, and c< 
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4.4 DIVIDING A PRODUCT BY WO 

It is extremely common to find that students > dividing a product by two, 
attempt to divide both of it factors by two. A little use of the associative 
property of multiplication can show them that their process Is wrong. For 



example, 

(7x8)f 2«7xl4x2)r2 

» (7 x 4) x 2*r 2 (by the associative property of multiplication) 
*' 7 x 4 (2 *f* 2 is 1) 

* 28 



and, since 7 x 8 * 56 and 28 Is 56 2, only one factor need be divided by two 

to cut e product In half. 



5. COMPARING AND CONTRASTING ADDITION WITH SUBTRACTION AND MULTIPLICATION WITH DIVISION 



You are aware that, with our four major operations, we have two pairs of 
Inverse operations. Addition and subtraction are inverse operations, as are 
multiplication and division. That is, subtracting 5 is the inverse of adding 

5 (subtraction of a number ,f undoes** the adding of that number), and dividing by 

6 is the inverse of multiplying by 6. 

Sinc?e we .do have these pairs of inverse o per at ions, it is only natural 
to compare and contrast the operations — to find similarities and differences 
in ‘the ways that they work. 

In the first place? we see that closure of addition and multiplication does 



not guarantee closure of their respective inverse operations. Examples of 
this nr® easy to illustrate i 2 - 8 » Q and 4-« 5 «Q have no solutions in the 
set of whole numbers. 



In the second place, we find that subtraction and division are not 
commutative, as are addition anti multiplication. For example, 6 - 2 f 2 6, 

and 6 7 * 2 ^ 2 6 . 



';i J 
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In the same manner, we see that ©ubtx-action and division 
the associative property. For an example of this, let us consider the following: 
(6-2) -1*4-1® 3 but 6 - (2 - 1) ■ 6 -1*5 
(I T 4) T 2 * 2 t 2 * 1 but 87 (4 £ 2) * 8 4 2 * 4 
We have a bit better luck with the identity elements. If we subtract D 
from a whole number, we git as a result the whole number with which we 



That 1®, a - 0 * a for all whole numbers a. However, subtracting a number 
from 0 does not give us the number $ rn fact, we have no solution for this 
in the set of whole numbers- This is a bit different from the way 0 works in 
addition; Ota* 0 t 0 « ,\. Therefore, we usually say that 0 is a right 
identity for subtraction; it acts as an identity when written on the right, but 
not when written on the left. 

I© there an identity element for division? That is, is there a numbei 3 
such that a * a and x<r a * a? We see that the situation is similar to 
subtraction; a 1 * a for all whole numbers a, but there is no unique whole 
number x such that x«~ a * a for all a- Hence, we say that 1 is a 



for division 



You may have noticed that we have not discussed additive or multiplicative 
inverses. This is because we do not have inverses in the set of whole numbers • 

In order to get additive inverses, vie would have to extend our set to include 
negative integers; in order to got multiplicative inverses, we would have to 
include the fractional numbers. In order to get a field, we would need to add 
the additive and multiplicative inverses to the properties we have already; 
thus, we would need to extend our set to include the rational numbers. 

6 , RENAMING FRACTIONAL AND MIXED NUMBERS 

Moving from the set of whole numbers to the set of fractional numbers, w§ 
see an immediate difference. Whereas, in our Hindu -Arabic base 10 system, 
we have one standard form for representing a whole number, we have a variety 
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equally wall be named by, *r, ^py* or 
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of stand ard names for a fractional number- For example, 342 +- 178 » 
be expressed in the standard form 520, but the fractional number named by | could 

♦ We call the symbols b which we 
represent fractional jiunuai* fractions , fractions that name the same fractional 
number arc* s ; oken 01 as eqn l valent fractions ■ Of course, we do in some sense 
a single standard form fa* fractions; the ’lowest-term” form (when the numerator 
and denominator oi the fractions have no common factor except 1.) Consider 

of 14 are 2 and 7; the factor© of 18 
are 2 and 9. The common factor is 2. 



14 , , t 2x7 

which equals 



Any time we wish to select a fraction which is equivalent to a particular 
fraction we are working with, we are using the property of 1 as multiplicative 
identity, where 1 is written in the form for some particular counting number 



a. To illustrate this, let’s consider a couple of examples, 
but need an equivalent fraction with denominator 16. f x 4 “ 1,2 

ts % 



we have 



3 3 

w© use. Actually wa are thinking r, j x 1 * j; I 



to multiply 4 by 4 
4 3 4 



to get 16 as my denominator; 1 may be written as j x j “ pg-.” Another 

Si 

example; Suppose we wish to reduce w co lowest terms. We can follow the procedure 
54 _ 9x6 



9 6 9 9 

~lcr x ^ =, io xi “To' 



A special case of renaming a fractional number Is found in the upper gre< 
when percent i® introduced. Of course, when a percent is written in fractional 
form, it Is simply a fraction with denominator 100 . Thus the problem |* —L- 



involves multiplying | by 1 in the form ,rhat is> I “ ifo i$ Bolmd 

3 . 20 



multiplying f by (20 is 100 4 5), and x turns out to 

Elementary school children ere often asked to write ’’equivalence rows” 

for fractional numbers. This is a row of equivalent fractions, such as I 

7 



4 



m 



10 12 _ 14 

** <m m m ■» fsstumm 

49 



16 



multiplicative identity, first as j, then as j, then |*, * 



The students are using 1 repeatedly as the 

4 5 6 

4* I s P 






uo • 



2 2 2 2 <12 2. 
for example ^ m ^ x I * | x j * jj* j M j x 3 



to writs 



e rows# at 



2 *j 6 

y x | * etc. Of course si when 
? atari: of their work with 



fractional numbers# they a e not th inking in terms of the multiplicative identity 



At that Ol/Tf- ;*'• ;.♦ « t ) i-aV. * 



' , ifilf *>#r' 



' ‘hC 



H.>t j (; f UC & * * vf I 



n h / * \* ' 



r ; IH'' . ? 






i 

i i 




eiioftii u vixi?c ’.u»t - i <* * r*v i factious % um- nrwr&e 

involve 1 as multiplicative identity. 



+ ■&■ " (I x t) + 



1 .. IB , 1 



Z J 3 



W mmm 



16 

I 



94.39 3 



■t x* 13 l + * 1 t (| x |) * 1 + (| x 1) * 1 + 

7. 



-1 



32 _ 28 + 5 28 , 5 



0 » jjLl >f 



X 



t -y - (4 x 1) + 4 + ^ 



7. ADDITION AND SUBTRACTION OF FRACTIONAL NUMBERS 



l 



As fractional numbers are developed in some elementary programs, g is 

la 1 

to be the number such tint b * g • 1. Then g 1® defined to be a * 



a , c 1 i 1 

+ tr • a>f+cx j 



orithm for adding fractional numbers proceeds as follows! 

(definition) 

* (a + c) x | 
ate 



(distributive property— Which m have to assume 
for fractional number® if we follow this 



devel 



(definition) 

If we wish to add or subi /act fractions with unlike denominators 8 the 
would take the following tacks 

t o « /It x ^ (|x |) (1 as multiplicative identity, used in the form 

^ and 4, which were chosen in order to make 



denominator the same.) 

(commutative property of multiplication) 



- (be x gy) 



x 



(distributive property of multiplication over subtract 



Let's co-.isxctor sene numerical examples 



1 8x 

x p 




Tills latter example was' worked correctly, but the process c 

noticing that the least common denominator of 8 and 16 

example could have been worked as follows? 

3 1,3 2v 1 

mtm rCk c 4^* #M«te 1 <m th i rty* 

2 ; 16 

6 1 



/ 4 * / 0 -«J\ 

(to x t) + (IT x IT) 



CSS ZZ *Zm 4* i- 

48 48 



3 .1 , 2 „ ,3 , 1\ 

ifasat faU jteiis teaiii 

4 4 4 



4» m 4* «K» es r . 4* •** ] 4* «p* «s» 4* **» ** ”» 

* ' ' H 4 j 4 4 4 4 




Another example which shows the value (in terms of cutting down the number 
and the complexity of computation) of using the least common denominator 



(48 is the least common denominator) 



addition algorithm is established for fractional numbers, it is 

possible to find many occasions where one would use the commutat i.ve and associative 

properties of addition. One such example is: 

% _ 4 , 2 _ 6 



ERIC 

MilLulfalniateJ 




o 




I 



-32* 



Adding or subtracting mixed number’s can also involve either the associative 
property of addition or the commutative property of addition or both* For §* 
yi. 4 * 5 ~ ** ( 3 + t) t (6 + |) 



4' 



* (3 t 5) + ( j + |-) 



(using both the associative and the 
commutative properties of addition) 



g * (« J . 4 . Jl ) 

® 'IS 12 ; 



(using 1 as the multiplicative 



*8 4 * 



12 



* 8 



11 



12 



8. MULTIPLICATION OF FRACTIONAL NUMBERS 



As with addition, multiplication of fractional numbers provides many 
opportunities to use the associative and commutative properties# Most of theae 
are quite similar to the ways already discussed for whole numbers, so there 
would seem to be no need for further elaboration. There are, however, a i 



uses of field properties in multiplication of fractional numbers which si*e 



different from those in 



-number arithmetic . Consider j x ■Jg'* When w® 



teach the "cancelling 11 procedure* as in 

X 7 



% x 



l x 7 



1 x 



m 



m are really developing a shortcut which uses the multiplicative identity, the 
associative property of multiplication* and the commutative property of multiplies* 
tion all in one bundle* 



Lot us go 



*U 



the above problem m m might if we wished to emphasize 



properties that we * 

3 ... 28 „ 3 x 2$ 8 x (4 



X 



4 ^ 45 4 x 45 4 x (S x 15) (4 

(l X 1) X J * 1 X “ * 



X 7) (3 X 4) x 7 _ tS_x. 4ljg_l * ft „ i\ r JL 

Fit) (3 xi)^nj wt i) >c is 4 x v * is 



vs 



' I r|c 









mmsm 



mmiummsm. 



M ikj 



Exercise: In each of the steps in the process above, identify the property or 



properties used. 

Suppose we wish to multiply a whole number times a n mixed" number. 



1 17.. 

such as 6 x 2y« Of course, w@ could convert the 2|| to g, in which case we have 

involved the multiplicative identity (2 « 2 x lj" | x | « |). Then our multiplier 



tion can also use 



j 6 % 4t m 14. However, we could 



have written 2^ as 2 t | (or mentally thought of itrthal way). Then, we could 

o 6 



use the distributive property in the following manner! 



6 x2^ 6 X ( 2 4* * (6 x 2) + (d x |j) *» 12 4» 2 



U 



Multiplication of two mixed numbers is virtually the same as 
situation. Many people would handle the problem Sy x 2^ by converting each 
number to a fraction, ^ x and then multiplying in the usual way? 

. However, the same problem could be approached by 
a double use of the distributive property, and is so presented in some 



27 v IB _ 27 „ 9 , 248 _ 
f * 7 4 A 7 00 



This approach is illustrated below 
* -,4 



8 



3, 



4 



X 2| * (8 + |) X (2 4* |) » (8 * |0 % 2 4- (3 * |) X ^ 



• ($ % 2) * (y x 2) 4* (3 x j) + (|- x ijf) 



, , 3 , 12 . 3 

u 4 7 



H (I K ^‘) + 1+ X j) + Ojj ^ I*) 

6 



8 4. 



« 6 + ## tit fe*# 4* fptf 



m *|* ***** 



^ 7 + (I + ir) 



« 8 + 



J.9 

it* ,Q«iT. 
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This use of the distributive property twice is exactly the same 
ol the distributive property in algebra, a@ in the example below. 

U + b) x (c + d) * (at b) x c + (a + b) x d 

* (fi x c) + ib x c) + (a x d) + (b x dj 

* ac + be + ad 4* bd 



as the use 



9.. DIVISION OF FRACTIONAL NUMBERS 



9.1 THE RECIPROCAL OF A 



One of the most convenient features of the set of fractional numbers is 
that for each nonzero number ^ , there i.s a number, ^ # such that the product 
of the two numbers is 1. For a binary (2 -element) operation, when there are 
2 elements which, when operated upon, produce the identity, these two elements 
are called inverses, and each is said to be the inverse of the other. In our 



case, the operation is multiplication, and - is said to be the multiplicative 



6 



inverse of However, we often avoid the longer* name "multiplicative inverse” 

by using the equivalent term "reciprocal**- 

Exercises: Find the reciprocals of the following numbers i 



'I m 1 £.*38-1 14 - , . 

d, 7 , J, 5, p p 1 t 1 



The reciprocal is extremely useful in most methods of developing the division 
algorithm for fractional numbers, as we shall see in the next few section*. 

9.2 REINTERPRETING DIVISION AS MULTIPLICATION 



A common device for developing the usual rule for division uf fractions 



is to reinterpret the division problem as a multiplication problem. Thus the 
division problem + y * Q means | x Q B Assuming the students have ha 
previous experience with number sentences, they will wish to perform operatic 
which leave us with £3 on the left, and an expression on which they know how to 
on the right. Multiplying both sides of the equation by the reciprocal 



4 5 

of jr (i.e. , by y) results in the desired solution. This is demonstrated below: 



o 

ERIC 



mam 



mmm 



mam 




I 



-35- 



5 



□ 



m 



3 



x 



<£*□) 



4, 



4 7 



c|*j> ^ a - 1 ^ f 



(multiplying both aides by the reciprocal of -y) 
» the associative property of multiplication) 



1 x 



5 3 

4 7 



(the property of reciprocals; l.e»# the product 
of reciprocals is 1) 



3 

x i? 



□ 



15 

28 



(1 is the multiplicative identity; 

(algorithm for multiplying fractional number©) 

The only problem with the procedure as written* which rapidly leads 
to the "multiply by the reciprocal of the divisor” technique* is that the 
reciprocal of the divisor has been written to the left of the dividend. Since 
the multiplication of fractional numbex*a is commutative, we could just as well 

n C 

have written the right-hand side as ~ x p without any paxticular comment. 

Another related technique is actually to fill in the box in the equation. 



We think in the following manners 'i want the xW t band side t* be since 



it is to be equal to Uie right -band side. 3 hereto re* the numuer i write in the 

O 4 « „ , * , i i 



must be the number which will result in j when multiplied by j l 

Therefore 1 will fill the box with 



4 x -| * 1, and I know that 1 x|" | 



3 



*j* x ?p n Symbolically# this is 

4 r-i 3 

f *□" 7 




In interpreting division In terms of multiplication, we have acknowledged 
that in a sense division la not a basic operatlon—that all division probl 
involve situations which may be interpreted as multiplication situations 
a factor is missing. Addition and subtraction are connected to each other in 

the same way* Every subtraction problem can be interpreted as an addition 
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4.5 36 5 * 36 

? t x it 






21 



x 31 




T 7 

Ii«re we chose to write 1 in the form ft, because 33 is 
both 7 and 5, the denominator* of the fraction* involved. As a 
fact 33 is tht least common multiple of 7 and 6, but it is not 
select the least common multiple, Ar^ common multiple will work. For 
we could use 105 in the above problem, as follows i 
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3 105 

A ^ 



J 



x 105 



mmssmmm ft* 



| x 105 



3 x 21 



3 X (3 x 7) m $ % 7 21 

4 x (3 >c 







9.4 THE COMMON DENOMINATOR TECHNIQUE 
A leas widely used, but convenient 
* i® one in which omt (a) gets common c 

the numerator of the dividend by the numerator of 
denominator of the dividend by the denominator of 
is illustrated 




a?§ (e 

divisor. This 



4 « 2 >4 3\* r 2 

f T f (f x f) T (| x 

v 14 



(use of the 




(1 as the 



identity) 



* # 14 
f 7 



(i is 



a in 



m 



the step 




12 . 14 




s s '/* ^ 
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Let 



12 • U 



21 • 21 



□ 

S' 



Then* by the definition oi division In terms of multiplies! ion* 

12 * 14 □ 

5T JT x 3“" 

By our algorithm for multiplication o£ fraction® » sr *■ . Therefore, 

4 1 zi x 4 

12 * 14 x Qand 21 « 21 x A" Again, by the definition of division, 12+ 14 *Q 

and 21 t* 21 W A . Therefore, substituting in the original equation forQ end A gives 

12 . 14 ^ 12 + 14 
21 • 21 21 + 21” 

This procedure does not explicitly involve the reciprocal , but leads toward 

it. Actually, there is a sense in which the reciprocal has been involved. The 

numerators before getting common denominators were 4 and 2. After we obtained 

common denominators, they were 12 and 14. If we examine 12+ 14 (or ||), 

Xl! *1 3 

we see that ^ * *f * *?* That is, the dividend has actually been multiplied by 
the reciprocal of the divisor, but in rather disguised form, 

10. FRACTIONAL NUMBERS REPRESENTED IN DECIMAL FORM. 

10.1 ADDITION AND SUBTRACTION OF DECIMALS 

Fundamentally, of course, decimal fractions are means of representing 
the est of fractional numbers. Thus, answers to computational problems involving 
fractional numbers expressed in common fraction form and In decimal fraction 
form differ only in the notation. However, this notations! difference forces 
ua to develop special algorithms for dealing with fractional numbers when they 
are expressed in decimal form. The principles which allow us to develop these 
particular algorithms, of course, are our particular system of numeration (which 
has a base ten and is positional) and certain of the field properties. 

Since decimal fractions are merely an extension, to the right of the 
decimal point, of the numeration system we use for whole numbers, many of the 
of the field properties which we cited for whole numbers also are used with 
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decimals. However, the introduction of the decimal point produces new problem, 
foremost among these is the proper placement of the decimal point in the answer. 

In so-called traditional classes, the placement of the decimal point in 
a particular type of computational problem was handled by teaching miles; these 
rules were usually not explained— they were presented to students as true because 
they worked . The modern trend, as in all other phases of element aiy mathematics, 
la to explain why these processes work. 



>poce we wish to add 6.7 and 4.2 * If the student has been taught 
t the base ten place value system has been extended to the right of the 

he will agree that we can write 6.7 as 6'? x and 4.2 m 



42 x 



1 



Hence the process for adding these two numbers will follow the procedure 



7 *f 4.2 * (67 x re) + (42 x re) 



(67 4* 42) x 



(numeration fact- 



notation) 



10 



x 



1 



(use of the distributive property) 
(whole number computation) 



m 



10.9 



4* 79.48 " (8325 x m ) + 



( numerati on 



) 



X 

- 16273 x 
** 162.73 

m used the distributive property at one point. 

What if the numbers to be added have different number© of decimal 
following case* 

2. 43 * 3.7 * (243 x —*) + (37 X jy ) * (243 x >— ) + (37 x 



places? 



»*'>«■ 3W-# ****>» .» *.' «*..•»«£* <«**-* w *** v, « v«?qcwy.:. • ^ -v* **«****>!: *s**«v^src rctf/y^TT^'! ^■['r ! W!#S V\\ -!, I» gflgj 



? tTv-V. '• " ' V* ": J <A 



'U 



’ . ■ ; ,t * o: 5;ue -.yy* *'>A'r lead quickly to the ’rule” that we line up the 

dec im 1 f points and ; i.t tiin d«-.;-.fii*( point m the answer in line with the other 



'If t; ItT -ji 1 ‘ ) w 7 hl HI 



Mibi: recti on s •:■ ideitice. i n iiJ respects, except: that here we use the 



d is! Jibuti vs property of .,iulH h leat; ion over subtraction* An example is given below s 



3 "6 « \ 4 ) 



X 



** '? y* *m»jn *m 1 

lOO' 



t 1 49 y *«*»'• i 

too' 



{?*?(, 349) 

1 



i 



} 00 



: the distributive property of multiplica- 
tion over subtraction) 



* ir' X r: 



100 



(whole number computation) 



I 



10 2 MUbTTPl ICA’J'IHN 01 DECIMALS 



Developing the ails for locating the decimal point in multiplication is 
similar to wit at we have dene * love* but i nvolvoe the associative mid commutative 



properties of mult ip 11 cation v lather than the distributive property* For example* 

' 6*8 > Yffo > * ' 24 * Tip 



6.73 X 2 4 



*- ( 6‘- , B > 24) >■ rwir x 



j i 

V‘ *-*<•»*• 
100 A }0 



;by using both the associative 
commutative properties of 
multi plication) 



••< I 6 



\n(\ 



v we have multiplied the whole numbers 
together and also multiplied the 
fractional numbers together) 



16?? 



Another example: 



? 9 r. 3 6 * i?9 x fj») * 36 * j|) 



v.79 x 35) > iy~ x ) 



23 W x 



l 



* 28 ■. «-W 
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ye t another: 



0#21 x 0-435 * (21 x ^q) x (435 x ^qq) 



«n 



1 



(21 x 435) x (*j“ 



1 

— migsm^.- 

1000 * 



X m& a m i Mam # j 

*1 fsr\t\J 



* 9135 x 



1 



number of 




* It is clear to see where m get the rule that the 



in the answer to a multiplication problem is the sura of 
in the factors. 



f course. 



we 



written. 



100, ws could 



well have written powers of ten, 



could be written 3 x 10 , and 



could be written B41 



at 




' 2 ) X (24 X xo" 1 ) 



x (10~ 2 X lo” 1 ) 



<* 1(5.272 



1 • 3 



The division 



denominator is a whole number. This 




.23 *t* 7.18 * 



5 *urP • , 



„ 345.23 x 100 



m 



X 



we 



use of 1 



iV* w 



fraction to division by a whole number 



this problem from division by a decimal 
The division as usually written is 
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Rir 



»*■=*«* <u*e veto* ae jwft >8 W ^ j 6yBt^ 1 


















i 



I 




d 












. 



and here again we have implicitly multiplied by 

Another illustration of this process: 

1 \',, 866 _ 73,866 x 10 
73.866 T -3-2 ' 3ST“" mT~TW 

.. 738.66 



100 
*g**w*»M!WI , 

100 



10 



ft* 



X) 



nST* 



« 738 • 66 + 33 



In the division algorithm* this would be written 33. 
has the same result and relies on the same property - 



73.! 



Another example Is 2*400 *p 300*0 * * which could 



which 



in either 



of the following ways? 

2.400 2 • 40 0 n * nnp 

o) 30O loir 2,400 ” 300 

2.400 _ 2.400 x 10 „ 24.00 _ „ . ...» 

( 2 ) ISO MOTS’ TOOO 24 Y 3000 
u. INTEGERS AND RATIONAL NUMBERS 
11.1 ADDITIVE INVERSES 

Whin w© extend the set of whole numbers to the Sit of integers, or extend 
the get of fractional numbers to the set of rational numbers , we introduce another 
of the field properties . Mow, for each number a in our set, there is another 
number, -a, read "negative a, !t such that a + (-a) * 0. For example, the 
additive inverse of 6 is -6, because 6 + (-6) » 0; the additive inverse of 
~| la § • because (*•■) + | * 0* 

Exercises ; (X) Find the additive inverse® of .the following numbers s 

S, «3, 12, 0, ~ ~ y|» j|, 0.33217 

(2) If a + | * O, what is a? •• 

11*2 ADDITION A® SUBTRACTION OF POSITIVE AND NEGATIVE NUMBERS, 

Suppose we wish to add two negative number® , any -7 and ~4. We can use 
the property of additive inverse® to help ue. That is, we know that (-7) + 7 * 0 
mi that (-4) * 4 ■ Q. If m add these two aquations* m have t(-7) + 11 + 

|(^4) 4* 41 r. 0 4* 0, 



•v . v 



3y using the commutative and associative properties of addition, we can 
eventually arrive at the form [(-7) + (-4)] + [7 + 4] * 0 + 0. Since m know 
7 + 4 * 11, and since 0 + o * o (0 is the additive identity), we have 



when added to 11. However, this is merely another way of saying that [(-7) + (-4)] 
is the additive inverse of 11. We already know that the additive inverse of 
11 ift -11. Therefore, (-7) + (-4) « -11. 

The general case follows exactly the same steps- Let -a and -b be 
two negative numbers. Then we have additive inverses a and b respectively, 
so (-a) + a * 0 and (~b) + b * o.» 



Rearranging by means of the associative and commutative properties of 
addition, we get [(-a) + ( -b) ] + [a + b] ** 0 + 0, and since 0 + 0 » 0, 

[(-’S.) + ( -b) ] + Ca + b] * 0* Therefore, (-a) + (**b) is the additive inverse 
of a + b. Thus, (-a) + (-b) * - (a + b). 



additive inverses, there is no trouble— the sum is 0. If they are not additive 
inverses of each other, the sum may be either positive or negative, depending 
on the two numbers involved. Let us examine two examples, 

(a) 5 + ~8 - 5 + (-5 + -3) 



Now let us consider the process of subtraction when dealing with positive 
and negative numbers * Again, some examples would be helpful. 




f(-a) + a] + I(«b) + b3 * 0 + o 



we wish to add a positive and a negative number. If they are 



(5 + -5) + (-3) 



(the associative property of addition) 
(5 + -5 are additive inverses) 

(0 is the additive identity) 



* 0 t ( .*3) 

a -3 



(b) 1? + -4 « (IS + 4) + ( «4) 



13 + (4 + -4) 



(the associative property of addition) 
(4 and -4 are additive inverses) 

( 0 is the additive identity) 



« 13 + 0 

- 13 









4 2 is a problem we have already seen. This is the same as whole 

number subtraction; hence the answer is 2. We may also note that 44- (»2) * 2. 

What about 2 - io We can use our knowledge of the relationship 

between addition and subtraction to write this in additive form* as 10 + Q * 7, 

One way of handling this is the following: we know that 10 + (-10) » 0; we 

a3.so know that 0t7**7; therefore the answer to the problem must be -10 + 7, 
which we can calculate as -3. By the commutative property of addition* we can 
write -10 +7 as 1 + (-10). This and the preceding example seem to suggest 
that we can gat the answer to a subtraction problem by adding the additive inverse 
of the number we are subtracting to the number we are subtracting from* That 
i®, a - b " a + (-b) . Let’s see if this continues to hold in the following cases. 

(a) -5 - (-3) * D can be rewritten in additive form as -3 4£J * -g. 

Since (-3) 4* 3 * 0, and 0 + -5 * -5, 0*34- (-5), or -2. Again, 
m see that 3 4* (-5) may be written -5+3, so we can add the 
additive inverse of -3 ( 1 . e . , 3) instead of subtracting "-3. 

(b) -18 - (-31) m [J, rearranged, is -31 + Q* -IS. (-31 + 31) « 0, 

0 + -18 * -18, 80 0“ 31 + ( -18; * -18 + 31 ** 13. 

fe) 12 - -7 * □ 

-7 +Q« 12 

-7 + 7 * 0, 0 + 12 « 12, soQ * 7 + 12 * 12 + 7 * 1.9 

(a) is - (-is) * a 

-18 + Q » 15 

-18 + 18 « 0, 0 + 15 « 15, so 0 " 18 + 15 » 15 + 18 * 33 

(e) -16 - 18 « 



18 + □ * 



« * 
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(f) -21 — 14 ** Q 

14 +□- -21 

14 + -14 ® 0, 0 4- «2X *» *"21* so 



In each case, we 



seen that a - b * 



generally, so we see that we can 
addition problem when 
Exercises i 



.ft 



-14 + (-21) * -21 + (-14) * -35 
a + ( -b) . This can be proved 
transform a subtraction problem into an 
Lv» numbers. 



© answers 



(a) 6 4* (-7) 
(d) (-2) - (- 

(g) -23 - 12 



following problems: 

(b) (**8) 4* (-5) 

(@) (- 8 ) + 10 
(h) (-27) + 2-7 



11.3 MULTIPLICATION OF POSITIVE AMD NEGATIVE NUMBERS 



ry .programs introduce the multiplication and 
positive and negative numbers in the upper 
This# programs rely heavily upon the 
distributive property to de 
multi p lie at i on . 




(-9) - 6 
2 - (-7) 
(i) (-11) + 10 

division of 
t school* 
inverse and the 
f signs' 1 in 



a product of -3 



7. m 



-3 4- 3 ■* 0 (that is, 

7x0, and 7 x 0 ** o. Then 



we can writ® ti 
7(-3) + 7(8) * 0. Wa 



side of the 



we also know that -21 



7 [—3 4* 3 ] * 

+ Si m 0. Using the distributive property, 
equation as 7(~3) 4* 7(3), so 
* SI* Thus 7(~8) must be the additive 
is the additive inverse of 21. So we 



7(~S) 



m 



*3, b r< 



* 7, 



b stand 



>ers» w® can prove that 



ler (**3) x 7. Sine® • 
holds, this must also be -21, in the 



commutative property of multiplication 



imm set" 



(■ 







I 
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Finally, let us examine (~3)(~7). Hie same process we used above holds 
some promise . -7 4* 7 - 0, so ~3[~7 4 7] • -8(0) » 0> By the distributive 
property, we can write the left-hand side as (-3) (-7) 4* (~3)(7), so we now have 
( -3)( «7) 4* ( -3)( 7) * o. We have already established that (-3) (7) « -21® bo 
(- 3 ) (- 7 ) 4 (-21) 10 0* Thus (- 3 ) (-7) must be the additive inverse of **21; 
that is, (~S)(~7) * 21. 

Again, by following the identical steps, using -a for -3 and -b for 
- 7 , with a and b positive numbers, we establish in general that 

(~a)(~b) ** ®b » ba * (~b)(~a). 

11.4 DIVISION Of POSITIVE AND NEGATIVE NUMBERS 
Hie division of a negative number by another negative number can 



at, (~7)~ (-is) * 



~I 8 18 x (- 1 ) 18 



m: 



M II x ^ ll' Here we have relied upon the use of 1 



1 la 



l -a) -f i-b) “ 2 * 14“ r " f * '■~ 3t 




multiplicative identity. In general, 

** A x 1 * r (a and b are here considered 

D ** 



To get the rule of signs for a positive number divided by © negative number 
or for a negative number divided by a positive number, we use our old technique 
of changing tht division problem to a related multiplication problem. We will 
go through this development in general; it might be useful for you to cry 
particular examples to understand the process better. In all of tht following*, 
e and b are positive numbers • a *7 (~b) *Dnsiy be rewritten (-b) xQ* a- 

1 x.u „.rr. js in ♦taftitivrt/', i rvr —n r.hclt i§5 . ( ~bl X ( "T") * X* AlS 0 « 8111C© 



JL 

•b 



reciprocal of -b —that is, (-b) x (*^~) * 1 * 

Thus,Q " 4 x a" a 



1 is tht multiplicative identity, 1 x a * a* Thus.Q *" x a 18 But ' <b 
i® alio (-1) x b. So the multiplication problem could be written (>1) x b *Q* 

We know 
( —1) x £ 



a reciprocal of b Is (b x|» l) and 1 x 



f *p 



^ x a » |« Multiplying by 4, we 



ERJC 









t 





resulting when a negative number is divided by a positive number is negative. 

Ur MISCELLANEOUS USES OF ?I1E FIELD PROPERTIES 

There are a variety of other situations in which the field properties play 
a role in the elementary curriculum. Some of these art indicated below. You 
will undoubtedly encounter others ,*s you teach elementary school arithmetic. 

12.1 MEASURES 

In applications involving measurement, money, quantity, time* etc., a 
unit is attached to the number to tell what the number means, as 4 feet 6 Inches* 
6*|‘ square mile®, 78 miles per hour * 3 quarts 1 pint, 3 hours 45 minutes 12 seconds 
The symbol consisting of the numeral and the unit 1 j> sometimes referred to as 
a denomin ate number. 

rrn i niri ,ti -»■* ■ m . 



Tin measure, or denominate number, has, .in ail cases, grown out of some 
physical situation, where we have been measuring in terms of some unit. In 



fact, where we use units and subunits, the purpose has been to avoid the use of 
ft actions. 4 yards 2 feet 10 inches could easily be written as 4^^ yards, and 
we could then operate using our procedures for handling fractions* However, if 
we were fco work with the units and subunits themselves,, then we would need only 
our knowledge of whole numbers to handle the situation. 

In actual situations, of course, our measurements are approximations. We 
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In adding and subtracting using denominate number* v regrouping is used 
in ( invert » ug from one unit to another This regrouping is similar to the re 
grouping used for vvhole number’s and uses the associative property of addition. 
Examples of this are shown below. 



(a) 2 yds. 6 ft , 4 in. 

+ 3 yds. 7 ft. 9 f n “ 

y ^T'TtT^FrTs TrT" 



* B yds. 13 ft. (12 * 1) 

- B yd®. (13 4* 1) ft. 1 i 

■ 5 yds. 14 ft. 1 in. 

* 5 yds- (12 4- 2) ft. I i 

* (5 + 4) yds. 2 ft. 1 in 

■ 9 yds. 2 ft. 1 in 

8 qt. 

- 2 qt. 1. pt* 



inh 



here we have converted the 12 inches to 
1 foot and associated it with the 13 feet 



here we have converted the 12 feet to 4 
and associated the 4 yards with the 5 yards 



m 



t* 



8 qt. 0 pt. 
2 qt. 1 pt. 

7 qt. 2 pt 
2 qt. 1 pt** 
i qt • 1 



here 1 quart has been converted to 
2 pints? and the 2 pints has been 
associated with the 0 pints 



I 



Of course, in dealing with fractional parts of a measure, performing 
operations on denominate numbers, etc., other of the field properties may be 
called into play, but these would be uses previously described in one or another 
of the sections of this unit. 

12.2 ABSTRACT OPERATIONS AND OPERATION TABLES 

One way to tell if a person really understands certain of the field properties 
is to introduce an abstract operation, and ask questions about it. This is often 
done by using finite sets and allowing the operation to be characterized by 
exhibiting the operation table. Sometimes, however, the operation is described 
in words or symbols, and is an operation on certain of the sets of numbers the 
students are familiar with. In any case, all of the properties can be investigated 
in this way (of course, for a distributive property to function, we need two 
operations for the distributive property to connect). 
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Below are two examples • The first Is an operation table; the 
an operation defined on whole numbers. 

(a) 



is 



* 


A B C 0 


A 


B C 


A 


D 


B 


A B 


C 


D 


C 


D A 


B 


C 


0 


C D 


A 


B 



We can see the operation is closed j all elements of the set can be 
and there i© no element in the table not belonging to the set* The operation 
is clearly not commutative; for example » 13 * A is A but A * B is C; 
also this can be verified by noticing that the table la not symmetric around the 
main diagonal" B ie a left identity (B * x 83 x where x is any element in 
the ©it), but there is no right identity. Every element has an inverse, since 
B appears in every row. In fact, each element is its own inverse. The operation 
is not associative, since, for example, A*(13*C)*A*C*A but (A * B) * C ** 
C * C * S. There is no point in investigating for dietributivity, since only 
on® operation is given. 

(b) Let the operation J mean «~ y& * where a and b are whole 
(In other words, we are taking the average of the two numbers). The 



not closed 



ample. 



1 + 2 



o* 



b + a 



is not a whole number. It is 
* a + b _ b + 



commutative (a J b m , b J a * , end 9 alnce addition 

of whole numbers is commutative) . Is the operation ] associative? 

Let's try 4 f (5 j 7) and (4 j S) J 7. 

4 f (5 1 7 ) - 4 J 6 * 5 . 

„ 9 f „ 9 ,. „ 9 , 14 23 23 -3 

7»s£ j 7 •• y + 7«J+*y®^ * —r or 



Therefore, we have a counter-example and the operation is not 
is no identity element, since there is no number x such that x J 
for every whole number y. Since there is no identity element, the 
inverses is meaningless. 



y " y J . x - y 
question of 
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exercises 



I nveeti gate which of the field properties hold in the following situations 



# 


A 


B 


C 


D 


E 


a" 


A 


b" 


C 


D 


E 


B 


B 


c 


D 


E 


A 


C 


C 


D 


E 


A 


B 


n 


D 


E 


A 


B 


C 


E 


E 


A 


13 


C 


D 



I 


A 


, \ 


C 


l) 


A 


A 


A 


A 


a" 


B 


A 


B 


A 


A 


C 


A 


A 


C 


A 


D 


A 


A 


A 


0 



13 5 ^ meens the smaller of a end b where a and b are whole numbers 

Til at Is, 10H3 => 3, 11H 11 « U, SH5 « 4. 
f A \ ** . _ 2a + 2b , 

^ maarw * where a and b are fractional numbers. For example. 



If 8 • 7 and b • 1?, amb « —■■ t--" - U-ti l-X 1?) . U + 24 „ 38 

2 2 2 15f 

Similarly, if a * £ and b « L b « 2&4~ •» 55 J? * ( 2 * |) w 



» 19 1 



2 , 10 

1 I 



U * 30 
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12.3 APPLICATIONS 

Various types of applied, or practical , problems, may involve one or more 
of the field properties, ft would be impossible to anticipate all possible uses 
of the field properties in applied problems We will merely show one example 
(taken from page 256 of the Unifying, Mathematics text put out as a sixth grade 
text by the American Book Company) . A batch of papers were being sold by a boy, 
who received a certain commission on each paper- The boy chose to figure the 
commission on each paper* end then multiply by the number of papers sold; his 
father* on the other hand,, figured the total amount of money received for the 
papers, and figured the total commission by multiplying this amount by the 
appropriate percentage The fact that; the result is the same in both cases is, 
of course, due to the fact that multiplication is associative. 

You will undoubtedly find many similar* situations where the field 
properties figure prominently in applications. 

12.4 MENTAL ARITHMETIC 

The shortcuts used in mental arithmetic are usually based on one or another 

Vb 

»» 

of the field properties. For example, to multiply 247 x 13, one Ifght think: 















l« 



ll 



is 



K 13 * 2600 y 60 x 13 * 660, 3 x IS •* 39, so 247 % IB * 

2600 4- 660 - 39 » 3260 - 39 * 82X1 „ ,f In doing this, m have used th# distributive 
property in a general form (distributive of multiplication over both subtraction 
d addition) to think of 247 x 18 m (200 4 50 • S) X 13, « (200 x 13) 4 (50 x 13) 

(8 x 18) * W© also used the associativa property of multiplication, as m 
t of 200 x 13 as 2 % (100 x IS). 

Another example ii the mental calculation of 4 x 19 9. Wg can think of 

200 - 1, and use the distributive property of multiplication over subtraction, 
follows 1 1 



4 x 199 * 4 x 



1) m (4 x 



(4 x 1) ** 800 - 4 • 



run 



you or your students use for mental computation, 
other uses of the field properties. 



13. CONCLUSION 



preceding pages, you have 



of the field properties in all 



aware of the important 
of elementary arithmetic . We hope 



with additional 



insight into arithmetic. W@ further hope that you see the importance of 



why modern mathematics curricula lay such great stress upon them, 



m all, we hope that 



elementary school; that 
an understanding of 



on t 
:®ms of numbers* 



properties no longer seem to you as 
ideas which have been imposed on the arithmetic 
you see that real understanding of arithmetic rs 
© properties; that learning them is not just a 
that these properties determine the structure 



i; our 



It would be fruitless to hope that we have listed all possible uses of th® 
field properties. By reading this unit, perhaps you will be a bit more cognisant 
of this® properties in the future, and you will be more alert to point out their 







t 



i 



■ 
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us&ti to your students. Probably you will discover still more 
properties play a useful and important role— this is as it should be. 
is a subject in which one continually gets deeper 
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